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ABSTRACT. (1, 3, 6, 10, 15, 21, 28, 27, 27, 28) is a level /i-vector! 

This example answers negatively the open question as to whether all codimension 3 level /i-vectors are 
unimodal. 

Moreover, using the same (simple) technique, we are able to construct level algebras of codimension 3 
whose h- vectors have exactly N "maxima" , for any positive integer N. 

These non-unimodal /i-vectors, in particular, provide examples of codimension 3 level algebras not en- 
joying the Weak Lefschetz Property (WLP). Their existence was also an open problem before. 
In the second part of the paper we further investigate this fundamental property, and show that there 
even exist codimension 3 level algebras of type 3 without the WLP. 



An important problem in commutative algebra is the study of the properties of level 
algebras and of their ^-vectors. This is largely due to the relevance these special algebras 
have in several other areas of mathematics, such as invariant theory, geometry, combina- 
torics, etc. (see, e.g., [GHMS] for a broad overview of level algebras). 

Let us first of all introduce the main definitions we will need in the present paper. 
We consider standard graded artinian algebras A = R/I, where R = k[x±, x r ], I is a 
homogeneous ideal of R, k is a field of characteristic zero and the XiS all have degree 1. 

The h-vector of A is h(A) = h = (h , hi, h e ), where hi = dirn^, A, and e is the last 
index such that dim fc A e > 0. Since we may suppose, without loss of generality, that / 
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does not contain non-zero forms of degree 1, r = h\ is defined as the codimension of A. 

The socle of A is the annihilator of the maximal homogeneous ideal m = (xT, C 
A, namely soc(A) = {a G A \ am = 0}. Since soc(A) is a homogeneous ideal, we define 
the socle-vector of A as s(A) = s = (s , s±, s e ), where Sj = dim fe soc(A)j. Note that 
/io = 1, so = and s e = h e > 0. The integer e is called the socle degree of A (or of h). 
The type of the socle-vector s (or of the algebra A) is type(s) = J2i=o s i- 

If s = (0, 0, 0, s e = t), we say that the graded algebra A is level (of type t). If, 
moreover, t — 1, then A is Gorenstein. With a slight abuse of notation, we will refer to 
an /i-vector as level (or Gorenstein) if it is the /i-vector of a level (or Gorenstein) algebra. 

Let us now recall the main facts of the theory of inverse systems, or Macaulay duality, 
which will be a fundamental tool in this note. For a complete introduction, we refer the 
reader to [Ge] and [IK]. 

Let S — k[y±, y r ], and consider S as a graded R- module where the action of Xj on S 
is partial differentiation with respect to yi. 

There is a one-to-one correspondence between graded artinian algebras R/I and finitely 
generated graded i?-submodules M of S, where / = Ann(M) is the annihilator of M in 
R and, conversely, M = I' 1 is the i?-submodule of S which is annihilated by I (cf. [Ge], 
Remark 1), p. 17). 

If R/I has socle- vector s, then M is minimally generated by s, elements of degree i, 
for i = 1, 2, e, and the /i-vector of i?// is given by the number of linearly independent 
partial derivatives obtained in each degree by differentiating the generators of M (cf. [Ge], 
Remark 2), p. 17). 

In particular, level algebras of type t and socle degree e correspond to i?-submodules 
of S minimally generated by t elements of degree e. 

It was initially believed that all Gorenstein /i-vectors of any codimension might be 
Si-sequences, i.e., symmetric and with their first half differentiable (that is, its first dif- 
ference is again the h- vector of an artinian algebra). Instead, this conjecture is false for 
r > 5: in particular, Gorenstein h- vectors are not even necessarily unimodal (that is, 



2 



they no longer increase once they start decreasing) (see [St2], Example 4.3, for the first 
counter-example, in codimension 13. See also [BI], [BL] and [-Bol]). 

In codimension r = 4, we do not know whether or not all Gorenstein /i-vectors are SI- 
sequences, nor even whether they must be unimodal (see, however, Iarrobino-Srinivasan's 
paper [IS]). 

Instead, in codimension r < 3, the conjecture that all Gorenstein /i-vectors are SI- 
sequences was proven by Stanley in [St2], Theorem 4.2 (he characterized those h- vectors 
by using a structure theorem of Buchsbaum and Eisenbud, see [BE]. See also [Ma] for 
r = 2, and our paper [Za], where we show Stanley's result in an elementary fashion). 

In general, level h- vectors were first studied by Stanley (see [5*tl]). Iarrobino, in his 
1984 paper [la], characterized the level h- vectors of codimension 2, while in higher codi- 
mensions the situation looks much more difficult and is still mostly unclear. During the 
last years, however, level /i-vectors have been extensively investigated; we refer to the 
memoir [GHMS] for the most comprehensive bibliography on the subject up to 2003. 

A very natural (and important) problem, especially after Stanley's result on the Goren- 
stein case, is to determine whether all codimension 3 level /i-vectors are unimodal (see 
[GHMS], Question 4.4). In the present note we solve this problem negatively, by using a 
simple technique which allows us to provide several counter-examples. In particular, we 
even show that, for any given positive integer N, there exist level h- vectors of codimension 
3 having exactly N "maxima" . 

As an easy consequence, we have that not all level algebras of codimension 3 enjoy 
the Weak Lefschetz Property (WLP, briefly). The existence of codimension 3 level alge- 
bras without the WLP was also an open problem (see [GHMS], Question 4.4). 

We recall that an artinian algebra A = ® e i=0 Ai is said to enjoy the WLP if there exists 
a linear form L such that, for all indices i — 0,1, ...,e — 1, the multiplication map "-L" 
between the /c-vector spaces A{ and Ai + \ has maximal rank. 

The WLP is a fundamental property of artinian algebras and has recently received a 
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lot of attention (e.g., see [HMNW] and [MM] and their bibliographies). In [HMNW], 
Proposition 3.5, the possible /i-vectors of algebras with the WLP are characterized: 
they are unimodal and their increasing part is differentiable. In particular, the above- 
mentioned Gorenstein algebras of codimension r > 5 having a non-unimodal fa-vector do 
not enjoy the WLP. In codimension 4 (even if, as we said before, no non-unimodal h- 
vector is known), examples of Gorenstein algebras without the WLP have been provided 
by Ikeda ([Ik], Example 4.4) and Boij ([Bo2], Theorem 3.6). 

Instead, in codimension 3, so far the only remarkable result in this line of inquiry was 
that all complete intersections enjoy the WLP ([HMNW], Corollary 2.4). As we men- 
tioned above, until now it was not known if there were level algebras of codimension 3 
without the WLP. 

At the end of this note we further investigate the WLP, supplying several other exam- 
ples (with a unimodal fa-vector) of codimension 3 level algebras (some even monomial) 
without the Weak Lefschetz Property. In particular, we show that there even exist codi- 
mension 3 level algebras of type 3 not enjoying the WLP. It remains open if (over a field of 
characteristic zero) there are Gorenstein or type 2 level algebras of codimension 3 without 
the WLP. We only mention here that a recent result 

In order to prove our main result, we need a theorem of Iarrobino, which shows that 
the partial derivatives of a generic form (generic in the sense that it corresponds to a point 
of a suitable non-empty Zariski-open set) "intersect" a given inverse system module as 
little as possible. This result also takes into account the well-known fact that the number 
of linearly independent i-th partial derivatives of a generic form of degree e is the largest 
possible, i.e. the minimum between i^']^'^ and ( r ^ 1+i ) (e.g., see [la], Proposition 3.4). 
We should mention that, in the original paper, Iarrobino's result appears with more gen- 
eral hypotheses. 

Lemma 1 ([la], Theorem 4.8 A). Let h = (1, hi, fa e ) be the h-vector of a level 
algebra A = R/Ann(M). Then, if F is a generic form of degree e, the level algebra 
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R/Ann(< M, F >) has h-vector H = (1, Hi, H e ), where, for i — 1, e, 

■ r , fr — l + e — i\ /V — 1 + iV 

H ' = ™* + ( e -i )■{ i )>■ 

Example 2. Let us consider a level algebra A = R/ 'Ann(M), where R = k[xi, x 2 , x 3 ], 
having /i-vector (1, 3, 6, 9, 12, 15, 18, 21, 24, 27). For instance, we can construct it by trun- 
cating (after degree 9) a Gorenstein algebra having /i-vector (1, 3, 6, 9, 12, 15, 18, 21, 24, 27, 
24, 21, 18, 15, 12, 9, 6, 3, 1), which exists by the above-mentioned characterization of Stan- 
ley ([££2], Theorem 4.2). (The fact that the truncation of a Gorenstein algebra, or more 
generally of a level algebra, is again a level algebra is easy to see and was first noticed by 
Stanley in [Stl].) 

Then, by Lemma 1, for any generic form F G S = k[yi,i/2, 1/3} of degree 9, the /i-vector 
of the level algebra R/Ann(< M,F >) is 

H = (1, 3, 6, 10, 15, 21, 28, 27, 27, 28). 

Hence we have shown: 

Theorem 3. There exist non-unimodal level h-vectors of codimension 3. 

In particular, since the /i-vectors of algebras with the Weak Lefschetz Property must 
be unimodal, we immediately have the following: 

Corollary 4. There exist codimension 3 level algebras not enjoying the Weak Lef- 
schetz Property. 

Remark 5. i). Theorem 3 and Corollary 4 supply a negative answer to all the 
four sub-questions of [GHMS], Question 4.4. 

ii). Employing the same idea we used in Example 2, we can construct infinitely many 
other non-unimodal codimension 3 level h- vectors (having larger type and socle degree): 
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for instance, consider a level algebra A = R/Ann(M), having socle degree e large enough, 
whose h- vector ends with an arithmetic progression of the form (...,t — ip, ...,t — 2p,t—p, t), 
for any p > 3 (e.g., A can be constructed as above by truncating a Gorenstein algebra). 
Then, by Lemma 1, a simple calculation shows that, if we take a generic form F of degree 
e, then the degree e — p entry of the level fo-vector H of R/Ann(< M, F >) is greater (by 
1) than the entry of degree e — p + 1. Since t + 1 > t — p + 3 for p > 3, it follows that H 
is not unimodal. 

For example, applying the above procedure to (1, 3, 6, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55, 
60, 65, 70) (which is the truncation of the Gorenstein /i- vector (1, 3, 6, 60, 65, 70, 65, 60, 
6, 3, 1)), we obtain the non-unimodal level /i-vector 



iii). The same technique can be used to show that there exist codimension 3 non- 
unimodal level h- vectors with as many maxima as we want. In particular, there are 
codimension 3 level /i-vectors ending with (..., t, t,t + l,t,t,t + 1, t,t,t + 1), where the 
sequence t,t,t + l may be repeated as many times as we desire. 

In fact, let us construct a level h- vector having exactly N maxima, where N is any 
positive integer. Consider first a level ^-vector h = (1, 3, h 2 , h e ), having socle degree e 
large enough, such that, for some integer t, h e = t, /i e _i = t — 3, h e -2 — t — 6, h e -z = t — 9, 
/i e _4 = t — 15, /i e _5 = t— 21, /i e _ 6 = t— 27, h e ~j = t— 36, h e s = t— 45, fo e -9 = t— 54, and so 



on, down to ^_ 3 (^- 2) -i = t - (^H 1 * 2 ) , h e ., {N . 2) ^ = t - (^"f) +2 ) - 3(N - 1), 
W-2)-s = * - ( (3(iV - 2 2 )+1)+2 ) - 6(iV - 1), and h^-q-i = (-^- 2 )-^ 2 ) for all 



It is easy to see that such a level /i-vector actually exists (again, by truncating the 
suitable Gorenstein ^-vector of socle degree 2e, whose existence is clearly guaranteed by 
[St2], Theorem 4.2). Now, adding a generic form of degree e to an inverse system module 
generating h, by Lemma 1 and a standard computation we obtain the level /i-vector 



H = (1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 65, 65, 66, 68, 71). 



3 >4. 




H e -3(N-2)-3 —t+1, iJ e _3(jv_ 2 )-2 — t, H e _ 3 ( N _ 2 )-l 



t,t + l,t,t,t + l,...,t,t,t+l). 
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For instance, let us construct a codimension 3 level fa-vector with exactly N = 4 
maxima. Take e = 100 and fa = (1, 3, 6, fa 90 = ( 90 2 +2 ) = a, a + 9, a + 18, a + 27, a + 
36, a + 42, a + 48, a + 54, a + 57, a + 60, faioo = a + 63 = £). Using the construction suggested 
above, we obtain the level fa-vector 

/90 + 2\ 

H = (1,3,6, ...,#90 = ( 2 j,t + l,t,M+l,M,t+l,M,t + l), 

which has exactly 4 maxima, as we desired. 

iv). The existence of non-unimodal level fa- vectors of codimension 3 immediately im- 
plies the existence of non-unimodal level fa-vectors of codimension r, for all r > 4. In fact, 
if the level algebra k[xi, x 2 , x 3 }/ Ann(M) has fa-vector fa = (1, 3, fa 2 , fa e ), then the level 
algebra x r }/Ann(< M, y%, ^ >) has fa-vector fa' = (1, r, fa 2 +r — 3, fa e +r — 3), 

which is clearly non-unimodal if fa is non-unimodal. 

Now that we have shown that the property of unimodality in codimension 3 does 
not extend from Gorenstein to level fa-vectors of arbitrary type, the main question be- 
comes: 

Question 6. What is the maximum type t such that all the codimension 3 level 
fa-vectors of type t < t are unimodal? In particular, is there always unimodality for 
t = 2? 

We only mention here that, as we were finishing to write this paper, Professor Iar- 
robino has informed us (personal communication) that he and Art Weiss (a graduate 
student at Tufts University) have just discovered an example of a non-unimodal codimen- 
sion 3 level fa- vector of type 5. 

In the last part of this article we further investigate the Weak Lefschetz Property. 
We construct other classes of codimension 3 level algebras not enjoying the WLP (these 
all having a unimodal fa- vector). 
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Example 7. i). Let M =< 2/i2/ 2 , 2/|, 2/22/1, 2/f >C k[y l ,y 2 ,y 3 \. A simple com- 
putation shows that the h- vector of A = R/I, where / = Ann(M), is (1, 3, 5, 5). We want 
to show that A does not enjoy the Weak Lefschetz Property. 

Since J is a monomial ideal, it is easy to show that the classes of the monomials of de- 
gree j of the inverse system module M (written in the Xj's) generate the vector space Aj, 
for each j. Hence, taking the partial derivatives of the generators of M, we immediately 
have that A 2 =< X1T2, xf, x 2 , X2X3, xl > and A3 =< x\x 2 , x 2 , x 2 xs, x 2 xl, x% >. 

Suppose that A enjoys the WLP. Then there exists a linear form L = axi+bx 2 +cx 3 e R 
such that the multiplication map "-L" is a bijection between A 2 and A 3 . We have that 
L ■ X\x 2 = ax\x 2 and L • x\ = bx\x 2 , with a, b 7^ otherwise "-L" would not be injective. 
But the non-zero element bxix 2 — ax\ multiplied by L gives abx\x 2 — bax\x 2 = 0, a con- 
tradiction to the injectivity of "-L". Hence A does not enjoy the WLP, as we desired. 

ii). The above example can be generalized to produce codimension 3 monomial level 
algebras of any socle degree e > 3 without the WLP. In fact, if we consider the module 

M =< yl-%, y 2 , yl^yz, y 2 ~ 2 yl 2/22/I" 1 , vt >, 

then, by the same idea, the algebra A = R/Ann(M), which has fa-vector (1, 3, 5, 6, e + 
1, e + 2, e + 2), does not enjoy the WLP, for the map "-L" between A=_i and A e is not 
injective for any linear form L. 

Our main result on level algebras without the WLP is the following: 

Proposition 8. There exist codimension 3 level algebras of type 3 not enjoying the 
WLP. 

Proof. The idea is to consider an inverse system module M generated by two suitable 
forms of degree e in variables y\ and y 3 only and by one generic form of the same degree 
in variables y\ and y 2 only. We present here an example with socle degree e = 7, but 
examples with higher values of e can be obtained similarly. 
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Let 

M =< y\y\ - Vl yl y\yi - y\y\, F(y u y 2 ) >, 

where, for example, we take F(y 1 ,y 2 ) = 437y[ — 232yfy 2 — A23yfy 2 — 5Q7yjy 2 — 769yfy 2 + 
831yfy 2 — 916yiy 2 — 2Q2y 2 . Using the computer program [CoCoA], and in particular 
a CoCoA program which computes the annihilator of a given inverse system module 
(written by A. Damiano), we see, in this case, that / = Ann(M) has the generator x 2 x 3 
of degree 2 and two generators of degree 5 of the form C\x\x 2 + c 2 x\x\ + c 3 xix 2 + c±x\ 
and c§x\x\ + c§x\x\ + c-jX\x\ + c 8 x 2 , with the q's being non-zero constants of the base 
field k (I has also three generators of degree 6, but we are not interested in them here). 
Moreover, the h- vector of A = R/I is 

h = (1,3,5,7,9,9,6,3). 

We want to show that A does not enjoy the WLP. 

Suppose, by contradiction, that A has the WLP. In particular, for some linear form 
L = ax\ + bx 2 + cxs, "X" is a bijection between A4 and A 5 , which both have dimension 9 
as /c-vector spaces. It is easy to see, from the above description of /, that two monomial 



bases for A4 and A 5 are A A =< xf, xfx 2 , xfx^, x(x 2 , xjx^, x±x 2 , X1X3, x 2 , x% > and A$ 



SC\] ^\^3j ^1^3j ^1^2' ^1*^35 *^1^25 ^1^35 *^2? *^3 • llclVG ijllctt 



-3 — ^— -3-^ ac 2 bc 6 ^-3 ac 3 bc 7 z ac A bc 8 — 

L ■ x\x 2 = ax\x 2 + bx\x 2 = { )XiX 2 + { )x\x 2 + ( )x 2 , 

Ci C 5 Ci C 5 Ci c 5 

12 — v "i - ) 1 2 x ^ x 2 x 2 1 

C5 _ C5 C5 



• X1X2 — dx^x 2 ~\~ bx\x 2} 



L ■ x\ = ax\x\ + bx\. 

Thus, the image of four linearly independent elements is contained in the span of only 
three elements, a contradiction to the injectivity of the map "X" . Therefore A does not 
enjoy the WLP, as we wanted to show. □ 



Remark 9. i). There are also other methods to construct codimension 3 level al- 
gebras without the WLP (or, in some cases, at least very likely without the WLP!). For 
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instance, if we consider an inverse system module M generated by the last t monomials 
of degree e (according to the lexicographic order) such that the h- vector of R/ Ann(M) 
is (1,3,4,5,...,/: — 2,t — l,t), and we take a form F = L\ + with the Lj's generic 
linear forms, then the type t + 1 level algebra A = R/Ann(< M, F >) has /i-vector 
(1, 3, 6, 7, t, t + 1, t + 1) (this fact can be immediately shown by using the original form 
of [la], Theorem 4.8 A, of which we have stated a particular case in Lemma 1 above). 
Computations with CoCoA seem to indicate that the algebras A constructed in this way 
do not enjoy the WLP (very reasonably, there seems to be no bijection between A e _i and 
A e for any multiplication map "-L"). 

What we have just said also suggests that one of the "strongest results" of [GHMS] on 
the Weak Lefschetz Property, namely Proposition 5.24 (which proves that, if we add the 
e-th power of one generic linear form to the inverse system module of a given level algebra 
of socle degree e with the WLP, we obtain another level algebra with the WLP), is very 
likely stronger than one expected, because it probably cannot be extended to the sum of 
the powers of 2 or more generic linear forms. A slight modification of the construction 
employed in Example 2 already supplies a simple proof that such a generalization cannot 
be done for 6 or more powers: indeed, if the form F of that example were the sum of 
the powers of p > 6 generic linear forms, we would end up with a level algebra having 
/i-vector h = (1, 3, 6, 10, 15, 21, max{18 + p, 28}, 27, 27, 28), and this algebra cannot have 
the WLP (since h is not differentiable for p < 9 and non-unimodal for p > 10). 

ii). At this point, the next natural step will be to determine whether there exist Goren- 
stein algebras or type 2 level algebras of codimension 3 without the WLP. This problem 
seems difficult to attack, especially for the Gorenstein case (as we mentioned in the in- 
troduction, so far the most important result in this direction is [HMNW], Corollary 2.4, 
which shows, with a beautiful geometric argument, that all the complete intersections of 
codimension 3 enjoy the WLP). 
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